In this paper we explore the structure of the Hitchin fibration for higher dimensional varieties with emphasis on the case of algebraic surfaces.
Introduction
In the celebrated work [11] , Hitchin constructs a completely integrable system on the moduli space of Higgs bundles over a compact Riemann surface X . This system can be presented as a morphism h X : X → X where X is the moduli space of Higgs bundles and X is a certain affine space of half the dimension of X . For every a ∈ X , Hitchin constructs a spectral curve Y a which is a finite flat covering of X , embedded in the cotangent bundle of X and gives a description of the fiber h −1 X (a) in terms of the Picard variety of Y a . As a result, he proves that connected components of the generic fiber of the Hitchin map h X are abelian varieties.
In this paper, we explore the structure of the Hitchin map for higher dimensional varieties with emphasis on the case of surfaces. Let k be an algebraically closed field of characteristic zero. In [17] , Simpson defines a Higgs bundle over a smooth projective variety X over k as a pair (E, θ ) where E is a vector bundle of degree n equipped with a Higgs field θ : E → E ⊗ X Ω 1 X which is a X -linear map satisfying the integrability equation
(1.1)
In order to unravel the integrability equation, we recall that θ ∧ θ is defined as the composition of θ :
If G is a reductive group a G-bundle with Higgs field on X is a pair (E, θ ) where E is a G-bundle over X equipped with a Higgs field
where ad(E) is the adjoint vector bundle of E. The Higgs field θ is to satisfy the integrability equation (1.1) . This means if we have local coordinate z 1 , . . . , z d and a trivialization of E on a neighborhood U of x ∈ X , then on U we can write θ = Thanks to work of Gan-Ginzburg and Joseph [10, 14] , the analogue of the Chevalley restriction theorem holds in the case d = 2 and G = GL 2 :
(1.8)
In general, k [t×t] W is not a polynomial algebra, and not even a smooth k-algebra, although it is always a Cohen-Macaulay ring after a theorem of Hochshter-Robert [12] . For an arbitrary number d, by restricting functions on C d G to t d , we obtain a GL d -equivariant homomorphism
It is conjectured that (1.9) is an isomorphism. In [13] , Hunziker proves that this homomorphism induces an isomorphism from the reduced quotient of
W when G is either a classical group or of type G 2 .
As we shall see, in this case G = GL n , there is a canonical GL d -equivariant lifting
G /G induced from (1.9). Thus for every d-dimensional smooth variety X , by composing with (1.10), we derive a morphism sd X : Higgs X → X (1.11) where Higgs X is the moduli stack of all Higgs GL n -bundles as in (1.6) and X is the space of maps X → [Spec(k[t d ] W )/GL d ] laying over the morphism X → GL d corresponding to the cotangent bundle of X . We will call X the space of spectral data and sd X the spectral data morphism.
In section 2, we will investigate the relation between our spectral data morphism and the Hitchin map defined by Simpson in [18] . We show that the Hitchin map factors canonically through the spectral data morphism. In section 3, we will construct the spectral cover associated with each spectral datum. With help of this spectral cover, we will provide a description of the generic fiber of the Hitchin map in a similar manner to Beauville-NarasimhanRamanan's description [4] in the one-dimensional case. This description is of limited use as the spectral cover is not Cohen-Macaulay in general. It thus arises the need of constructing a finite Cohen-Macaulayfication of the spectral cover. This is the purpose of section 4 where we restrict ourselves to the two-dimensional case. The upshot is that in the surface case, as we can construct a canonical Cohen-Macaulayfication of the spectral cover, the Hitchin fibers over generic spectral data have a description fairly similar to the one-dimensional case. The description of the space X of spectral data remains nevertheless quite difficult and seems to depend on the Enriques classification of surfaces as surveyed in [3] . We investigate this matter in the cases of abelian, ruled and elliptic surfaces in the last sections of the paper.
In this paper, we restrict ourselves to the case G = GL n . All the constructions can be carried out for general reductive groups but technical lemmas still need to be proved. We plan to attend to this matter in a future work.
Throughout this paper, k is an algebraically closed field of characteristic p > n or of characteristic zero. All schemes are defined over k. Without explicitly mentioned otherwise, points will mean k-points.
Spectral data for GL n
In this section we study the spectral data morphism for GL n . We begin by investigating spectral data associated to d commuting n × n-matrices. Instead of d commuting n × nmatrices we will consider a d-dimensional k-vector space T , a n-dimensional k-vector space E equipped with a k-linear map θ : T → End(E) such that for all vectors x 1 , x 2 ∈ T we have [θ (x 1 ), θ (x 2 )] = 0. A map θ : T → End(E) satisfying this property will be called a commuting map.
We will define the spectral datum of (T, E, θ ) as follows. The commuting map θ : T → End(E) defines an action of the symmetric algebra S(T ) on E. In other words, it produces a S(T )-module F whose underlying vector space is E. Since E a is finite dimensional vector space, F is supported by finitely many points in the affine space V = Spec(S(T )): we have a decomposition F = α∈V F α where F α is a S(T )-module annihilated by some power of the maximal ideal m α corresponding to the point α. Let Chow n (V ) be the Chow scheme classifying 0-cycle of length n in V . The decomposition above gives rise to a 0-cycle
of length n in V . We call Z ∈ Chow n (V ) the spectral datum of (T, E, θ ).
The above discussion can be generalized over an arbitrary scheme X . We can construct the spectral datum attached to (T, E, θ ) where T and E are vector bundles over X of rank d and n, and θ : T → End X (E) is a commuting map. Let V = Spec X (S X (T )) be the dual bundle of T . The commuting map extends to a morphism S X (T ) → End X (E). Thus there is a coherent sheave F on V such that p * F = E where p : V → X is the projection map. Let Chow n (V /X ) be the relative Chow scheme of 0-cycle of length n in V . Then as explained in [5, Section 9.3, p 254], one can associate to such F a morphism
which is compatible with any base change X ′ → X and for every point x ∈ X the image a F (x)
is the spectral datum Z of the triple (T, E, θ )| x . We call a F the spectral datum of (T, E, θ ).
1
X is a Higgs field. The Higgs field θ can be regarded as a X -linear map
where X is the tangent sheaf of X dual to the cotangent sheaf Ω 1 X . The integrability condition θ ∧ θ = 0 guarantees that (2.2) induces an action of the symmetric algebra of
. In other words, there is a canonical isomorphism E = p * F where F is a cohorent module over T * X = Spec X S X /k ( X /k ) the total space of the cotangent bundle and p : T * X → X is the projection map. For every point x ∈ X , E x is a n-dimensional k-vector spaces equipped with an action of the symmetric algebra S k ( X ,x ) where X ,x is the tangent space of X at x. We denote F x the vector space E x but regarded as S k ( X ,x )-module. As Spec(S k ( X ,x )) = T * X ,x , there is a
F α where F α is a finite length module supported by the point α ∈ T *
where n α = lg(F α ) is the dimension of F α as k-vector space, defines a map from X with values in the space of 0-cycles of T * X ,x . We define the spectral datum of a Higgs bundle (E, θ ) to be the section a : X → Chow n (T * X /X ) given by the formula (2.3). Here, the relative Chow variety Chow n (T * X /X ) constructed from Chow n ( d ) by twisting it with the GL d -bundle attached to the cotangent bundle T * X . This provides us with a concrete description of the spectral data morphism sd X : Higgs X → X in (1.11) in the GL n case.
We shall investigate the relation between our spectral data morphism and the Hitchin map defined by Simpson. Let V be a finite dimensional vector space. We recall that the coordinate ring of Chow n (V ) is the ring of invariants with respect to the action of the symmetric group S n on the symmetric algebra S(T n ) of T n , where T n is the n-fold direct sum T ⊕ · · · ⊕ T . By a general theorem of Hochster-Roberts [12] , this ring is Cohen-Macaulay. A point of Chow n (V ) will be represented by an unordered collection of n points
with v 1 , . . . , v n ∈ V not necessarily distinct. We may also represent it as We will define an affine embedding of Chow n (V ).
Lemma 2.1. For every finite dimensional vector space V the morphism
where a 1 , . . . , a n are the symmetric tensors
is a closed embedding.
Proof. If T denote the the dual vector space of V , then we have V = Spec(S(T )) where S(T ) = ∞ i=0 S i T is the symmetric algebra of T . We also have
On the other hand, we have S i V = Spec(S(S i T )). What we have to prove is that the homomorphism of k-algebras
given by formulae (2.5), is surjective for every finite dimensional k-vector space T . When dim(T ) = 1, this is the fundamental theorem of symmetric polynomials asserting that every symmetric polynomial is a polynomial of the elementary symmetric polynomials. In one the dimensional case, the homomorphism (2.6) is even an isomorphism. This is no longer true in higher dimensional case. The proof of surjectivity in higher dimensional case is completely similar to the usual proof in the one dimensional case. The main difficulty is in fact to choose adequate notations.
The component-wise action of n m on T n induces a decomposition in eigenspaces T n = T 1 ⊕ · · ·⊕ T n where T 1 , . . . , T n are n copies of T . This induces an action of n m on S(T n ) which can also be decomposed as a direct sum of eigenspaces
we agree that 0 ∈ ). For every ν ∈ n , we will denote [ν] its orbit under the symmetric group S n . We then have a decomposition
where [ν] runs over the set of orbits of S n acting on n and
where µ 1 > · · · > µ e ≥ 0 are the distinct integers occurring as coordinates of (ν 1 , . . . , ν n ) with multiplicities m 1 , . . . , m e respectively. We have m 1 + · · · + m e = n and
With these notations being set up, we have
We observe if µ e = 0, the last term S m e (S µ e T ) may be removed from this formula. For this reason, we will write [ν] in the more compact form
with µ 1 > . . . > m e > 0, the possible term µ e = 0 being removed. We have then
In particular, in degree d, we have
In degree 1, we have the obvious isomorphism T = (T n ) S n given by the diagonal map. It starts being tricky already in degree 2. If n = 1, we have the tautological isomorphism
we have the decomposition in degree 2:
in which the first copy of S 2 T corresponds to [ν] = [2] whereas the second copy corresponds
. We also note that for every i ∈ {1, . . . , n} and
that is exactly the one used in the formulae (2.5). With these notations being set up, we can prove the surjectivity of the algebra homomorphism (2.6) by the same induction on the degree as in the case dim(T ) = 1. The induction uses the following fact: For every i ∈ {1, . . . , n} and partition
which is a partition of degree deg[ν
has image contained in
where [ν ′ ] runs over the set of partitions less than [ν + ] with respect to the usual partial order among the partitions. More over, the composition of κ [ν] with the projection on S
is surjective. This fact can be verified with an easy calculation on tensors.
We also observe unless [ν] = 0, there exists i ∈ {1, . . . , n} and a partition
It follows that the vector subspaces S
S n generate it as an algebra.
In general, Chow n (V ) is a strict closed subscheme of V ×S 2 V ×· · ·×S n V . As an instructive example, let us describe Chow 2 (
2 ) as a hypersurface of the 5-dimensional affine space 2 × S 2 2 . Let V = 2 and
2 with u ∈ V . Now we need to find the equation defining the image of the
We also note that the morphism (w 1 , w 2 , w 3 ) → w 2 2 − 4w 1 w 3 is the explicit expression of the canonical GL 2 
is the symmetric form defined as follows. By iterating i times the Higgs field θ :
X , and we define
, and the second arrow is the morphism induced by (2.8). The variables (a i ) and (b i ) can be obtained from each other by the formula
valid for all i = 1, ..., n. In other words, the change of variables from (a i ) to (b i ) and vice versa is given by an automorphism of
It gives rise to a morphism
By lemma 2.1, we know that ι X is a closed immersion. This provides a canonical factorization of the Hitchin map though the spectral data morphism.
Remark 2.2. One can regard ι X as a global version of the embedding ι in (2.4).
It seems natural to conjecture that X is the image of h X in X . We don't know it for the moment but it appears that the geometry of X may be very complicated (see, e.g., section 5). In the case of surfaces, we will construct an open subset ♥ X of X such that for every geometric point a ∈ ♥ X we can describe the fiber sd −1 X (a) im a way similar to [4] and prove that sd
Universal spectral cover
In [11] , Hitchin described fibers of his fibration with help of the concept of spectral curves. We are now about to generalize his construction to the case of higher dimensional varieties and construct spectral cover attached to each spectral datum.
The construction of spectral covers relies on the Cayley-Hamilton equation. Let V be a d-dimensional vector space, Chow n (V ) the Chow scheme of 0-cycles of length n on V . We will represent a point of Chow n (V ) as an unordered collection of n points of V
Recall that we have a closed embedding Chow
as in (2.5). We consider the morphism
given by
We define the closed subscheme Cayley n (V ) to be
the fiber of 0 ∈ S n V . Proof. We will first describe a set of the generators of the ideal defining the closed sub-
is commutative, the function
Moreover, for S n (t) generates the ideal defining 0 in S n (V ) as t varies on the dual vector space T of V , the functions f t generate the ideal defining Cayley n (V ) inside Chow n (V ) × V . This provides a convenient set of generators of this ideal albeit infinite and even innumerable as k may be.
V which is finite flat of degree n d over Chow n (V ). Since Cayley n (V ) is a closed subscheme of Z, it is also finite over Chow n (V ). This proves the first assertion of the lemma.
2. We will prove that for a = [x . From (3.7), we already know that f t (a) ∈ m n 1 x 1 for every t ∈ V * . By the Nakayama lemma, we only need to prove that the images of f t (a) in m
generate this vector space as t varies in V * . We observe that for t ∈ V * such that t(
. Here we use again the fact the image of the n-th power map m x /m 3. By the Chinese remainder theorem we are easily reduced to prove that if E is a finite A-module of length n, supported by a finite thickening of x ∈ V then E is annihilated by m n x . Since E is supported by a finite thickening of x ∈ V it has a structure of A x -module where A x is the localization of A at x. We consider the decreasing filtration E ⊃ m x E ⊃ m 
For every spectral datum a ∈ X corresponding to a section a : X → Chow n (T * X /X ), we can pull back p n (T * X /X ) to obtain the spectral cover We also recall an important fact about Cohen-Macaulay module. Let M be a CohenMacaulay R-module of finite type. Suppose that R is a finite A-algebra with A being a regular ring. Then M is a locally free A-module of finite type. We refer to [6, section 2] for a nice discussion on Cohen-Macaulay modules and for further references therein, or the comprehensive treatment in [7] . Proof. Let (E, θ ) ∈ Higgs X ,a a Higgs bundle of rank n whose spectral datum is a ∈ ♥ X . Then E = p * F where F is a coherent sheaf over the cotangent T * X . By the Cayley-Hamilton theorem, F is supported by the spectral cover Y a ⊂ T * X . We have then E = p a * F where F is a coherent sheaf on Y a . Since p a : Y a → X is a finite morphism, and E is a vector bundle over X , F is a maximal Cohen-Macaulay sheaf. Moreover, since p a is generically finite étale of degree n, F is of generic rank one. Inversely, if F is a maximal Cohen-Macaulay sheaf of generic rank one over Y a , then E = p a * F is a vector bundle of rank n over X . It is naturally equipped with a Higgs field θ : E ⊗ X X → E as Y a is a closed subscheme of T * X .
In spite of the simplicity of the above description of Higgs X ,a , it is not of great use by itself alone. For instance, it doesn't imply that Higgs X ,a is non empty. The difficulty is that in general for the spectral cover Y a is not Cohen-Macaulay, we do not know any recipe to construct coherent Cohen-Macaulay sheaves on Y a . At this point, we see that in order to obtain a useful description of Higgs X ,a , one needs to construct a finite Cohen-Macaulayfication of Y a . This can be done in the surface case.
Cohen-Macaulay spectral surfaces
In the surface case, for every a ∈ ♥ X , the spectral surface Y a admits a canonical finite Cohen-Macaulayfication whose construction will rely on the Hilbert schemes of points on surfaces and Serre's theorem on extending vector bundles on smooth surfaces across a closed subscheme of codimension two.
We first recall some well known fact about the Hilbert schemes of 0-dimensional subschemes of a surface. Let Hilb n ( 2 ) denote the moduli space of zero-dimensional subschemes of length n of 2 . A point of Hilb n ( 2 ) is a 0-dimensional subscheme Z of 2 of length n that will be of the form Z = α∈ 2 Z α where Z α is a local 0-dimensional subscheme of 2 whose closed point is α. It is known that the map
given by Z → α∈ 2 length(Z α )α, where length(Z α ) is the length of Z α , is a resolution of singularities of Chow n . If Chow ′ n denotes the open subset of Chow n classifying multiplicityfree 0-cycle of length r on 2 then HC n is an isomorphism over Chow ′ n . The complement Q of Chow ′ n in Chow n is a closed subset of codimension 2. As the morphism (4.1) is GL 2 -equivariant, we can twist it by any GL 2 -bundle, and in particular by the GL 2 -bundle associated to the cotangent bundle T * X over a smooth surface X and by doing so we obtain We recall that a point a ∈ X in the space of spectral data is a section a : X → Chow n (T * X /X ). We have also defined 
where Q X is the complement of Chow 
Since the Hilbert-Chow morphism (4.2) is proper, there exists an open subset U ⊂ X , larger than U ′ , whose complement X − U is a closed subscheme of codimension at least 2, Proof. Let (V, θ ) ∈ Higgs X be a Higgs bundle over X whose spectral datum is a ∈ ♥ X . The Higgs field θ : V ⊗ X → V define a homomorphism S X ( X ) → End X (V ) which factors through p a * Y a by the generalized Cayley-Hamilton theorem.
Let
Let z be the generic point of an irreducible component of Z ′ . The localization of X at x is X z = Spec( X ,z ) where X ,z is a discrete valuation ring. Over X z we have a homomorphism
Since the target is clearly torsion free, this homomorphism factors through (4.5).
Thus over an open subset U ⊂ X whose complement is of codimension two, the above morphism factors through a homomorphism of algebras
By applying Serre's theorem again, we have a canonical homomorphism
so that V =p a * F where F is a Cohen-Macaulay Ỹ a -module of generic rank one.
Sincep a :Ỹ a → X is finite and flat, for every line bundle L onỸ a , p a * L is a vector bundle of rank n carrying a Higgs field. Thus a ⊂ Higgs X ,a . We have an action of a on Higgs X ,a defined by
F where L is a line bundle onỸ a and F is a Cohen-Macaulay sheaf of generic rank one. 
Abelian surfaces
We study the Hitchin fibration for abelian surfaces. Let X be an abelian surface, that is, a two dimensional abelian variety. Since X is an algebraic group, we have a canonical trivialization of the cotangent bundle T ∼ = X × V , where V = T * X | e is the fiber of T * X at the identity e ∈ X . The relative Chow variety Chow n (T * X /X ) can be identified with X ×Chow n (V ) and, since both Chow n (V ) and V × S 2 V × · · · × S n V are affine, we have
In particular, we see that
♥
X is open dense in X and X X is a proper subset for n ≥ 2. Under the above isomorphisms the spectral data map and Hitchin map morphism become
and the factorization of the Hitchin map in (2.10) becomes
Here ι is the closed embedding in lemma 2.1. We claim that the spectral data map sd X is surjective. Let a ∈ X = Chow n (V ). Choose a point Z = α∈V Z α ∈ Hilb n (V ) such that HC n (Z) = a, here Z α is a local zero dimensional subscheme of V whose closed point is α. Consider the closed subscheme
Then the rank n bundle E := pr X * X ×Z (pr X : T * X → X ) is naturally equipped with a Higgs field θ and it follows from the construction that the spectral datum of the Higgs bundle (E, θ ) is equal to a. The claim follows.
The associated spectral surface Y a is given by
In particular, Y a is smooth and is isomorphic to the finite Cohen-MacaulayficationỸ a . Since Y a is smooth, Cohen-Macaulay sheaves on Y a are locally free and it follows from proposition 4.3 that the fiber Higgs X ,a is isomorphic to
Remark 5.1. The discussion above can be easily generalized to higher dimensional abelian varieties.
Surfaces fibered over a curve
In this section we study the spectral surfaces Y a and the Cohen-Macaulay spectral surfaceỸ a in the case when X is a fibration over a curve C. The results of this section will be used later in the study of Hitchin fibration for ruled and elliptic surfaces. Let X be a smooth projective surface and let C be a smooth projective curve. Assume there is a proper flat surjective map π : X → C such that the generic fiber a smooth projective curve. We denote by X 0 ⊂ X the largest open subset such that π is smooth. Consider the cotangent morphism dπ : T * C × C X → T * X . It induces a map
on the relative Chow varieties. For every section a C : C → Chow n (T * C /C), the composition
is a section of Chow n (T * X /X ) → X and the assignment a C → a X defines a map on the spaces of spectral data
We claim that the map above is an embedding. To see this we observe that there is a commutative diagram
where the vertical arrows are the embeddings in (2.10), and the bottom arrow is the embedding
The claim follows. Note that, since dim C = 1, the left vertical arrow in (6.2) is in fact an isomorphism. From now on we will view C as subspace of X .
Since the cotangent map dπ : T * C × C X → T * X is a closed imbedding over the open locus X 0 , we have
For any a ∈ C , we denote by C a → C the corresponding spectral curve and we definẽ X a = C a × C X . The natural projection map π a : X a → X is finite flat of degree n and it implies X a is a Cohen-Macaulay surface. 
Ruled surfaces
Let X be a ruled surface, that is, X is a 1 -bundle over a smooth projective curve C. We write π : X → C for the natural projection. Proof. We first show that C = X . Since X is birational to C × 1 , the embedding
2) is an isomorphism. Since the maps in the diagram (6.2) are all embeddings the desired equality follows. Since
We show that the spectral data map is surjective. Let a ∈ C . Then the push forward E = π a * X a (here π a :X a → X ) is a rank n bundle on X . As the map π a factors through the morphism i a :X a → T * X , the vector bundle E is naturally equipped with a Higgs field θ and it follows from the construction that the spectral datum of the Higgs bundle (E, θ ) is equal to a. Proof. The first claim follows from proposition 4.3 and lemma 6.1. The last claim follows from the fact that for a ∈ ◊ C the surfaceỸ a = C a × C X is smooth as C a and the fibration π : X → C are smooth.
Example 7.1. Consider the case when X = C × 1 and n = 2. We have 
Elliptic surfaces
In this section we study the case when X is an elliptic surface over an algebraically closed field k of zero characteristic. Namely, we assume there is a proper flat map π : X → C from X to a smooth projective curve C with general fiber a smooth curve of genus one. We will focus on the case when π : X → C is non-isotrivial, relatively minimal, and has reduced fibers (e.g., semi-stable non-isotrivial elliptic surfaces). Remark 8.1. Unlike the case of ruled surfaces, the Cohen-Macaulay spectral surfaceỸ a is in general not a sub-scheme of the cotangent bundle T * X as the cotangent morphism dπ : T * C × C X → T * X might not be an embedding. Remark 8.2. The results in section 7 and section 8 show that Hitchin fibration for ruled and elliptic surfaces are closely related to Hitchin fibration for the base curve. This is compatible with the fact that under the Simpson correspondence, stable Higgs bundles for a smooth projective surface X corresponds to irreducible representations of the fundamental group π 1 (X ), and in the case of ruled and non-isotropic elliptic surfaces with reduced fibers we have π 1 (X ) ≃ π 1 (C) where C is the base curve (see, e.g., [8, Section 7] ).
The rest of the section is denoted to prove proposition 8.1. We begin with some auxiliary lemmas: Proof. Write = X 0 | X η . It is enough to show that dim H 0 (X η , ) = 1. Note that we have the following exact sequence
where the generic fiber of κ is the Kodaira-Spencer morphism. Since π : X → C is nonisotrivial, the map κ is injective and the above exact sequence implies (π 0 ) * X 0 /C ≃ (π 0 ) * X 0 . Since X η is an elliptic curve, we get
The lemma follows. Proof. We need to show that the action of X 0 /C ⊂ X 0 on E 0 = E| X 0 is nilpotent. For this, it suffices to show that, over the generic point η of C, the action of X η ≃ ( X 0 /C ) X η ⊂ = X | X η on E η = E| X η is nilpotent. Let φ ∈ End X η (E η ) be the image of 1 ∈ X η under the action map X η ≃ ( X 0 /C ) X η → End X η (E η ) and let E η = s∈k η E η (s) be the generalized eigenspaces decomposition for φ (here k η is the function field of C). The action of on E η preserves each E η (s) and we denote by φ s : → End X η (E η (s)) the action map. Consider the following composition
where tr is the trace map. It follows from the definition of E η (s) that w = s · Id. On the other hand, since is the unique nontrivial self extension of X η , we have X η ⊂ ker( f ) for any map f : → X η . It implies w = 0, hence the eigenvalue s must be zero. The lemma follows.
Proof of proposition 8.1
We first show that the image of spectral data map sd X is equal to C . The same argument for the proof of proposition 7.1 shows that C ⊂ Im(sd X ). To show that Im(sd X ) = C it remains to check that a = sd X (E, θ ) ∈ C (F) for any geometric point (E, θ ) ∈ Higgs X (F) (here F is an algebraically closed field containing k). Let h X (E, θ ) = (a 1 , ..., a n ) ∈ X (F) be the image of (E, θ ) under the Hitchin map h X :
. By the factorization of Hitchin map in (2.10) and the diagram in (6.2), to show that a ∈ C (F) it suffices to check that
). ).
Since we assume π has reduced fibers, the complement X F − X 0 F is a closed subset of codimension ≥ 2 and it implies
Hence h X (E, θ ) = (a 1 , ..., a n ) ∈ C (F) and the desired claim follows. We show that 
